Lecture 8

9. INDUCTIVE-COUPLED CIRCUITS

8.1. Circuits with Magnetic Coupling

Electric circuits in which processes interact by means of the common
electric or magnetic field are called coupled. Circuits with a common
magnetic field are referred to as magnetically or inductively coupled
circuits. Consider magnetic fluxes and magnetic-flux linkages in circuits
with magnetic coupling. In Fig. 9.1 two inductively coupled coils W,
and W, are presented schematically (W;, W, are the number of turns of
the first and second coils). Here the current ; 1 in the coil W, creates the
self-induction flux of the first coil

Dy =Dy + Dy,

where @ — the flux-leakage of the first coil (part of the flux @,
crossing the turns of the first coil only); @,, — the mutual induction flux
of the second coil (part of the flux @, crossing the turns of the second coil).

Fig. 9.1

Similarly, the current 7, in the coil W, creates the self-induction flux
of the second coil

D) =D, +®,,,
where ©p & — the flux-leakage of the second coil (part of the flux M,
crossing the turns of the second coil only); @y, & — the mutual induction
flux of the first coil (part of the flux @,, crossing the turns of the first coil).
The full magnetic fluxes of the coils

D =9, +P, 10, =0, +,,
D, =0, +P, 10, =D, +D,,.
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The product of the flow and the number of turns is called magnetic
flux-linkage y. Then for the first and second coils we get

Wy =@y = %@1 iﬂgq’]z =Vt W,
Y, =,0, %qu)zn =Yy 2,

where 5, Wy, — self-induction flux-linkages of the first and second
coils; Wy, W21 — mutual induction flux-linkage of the first coil (from the
second coil) and that of the second coil (from the first coil) respectively.

The ratio of the mutual induction linkage to the self-induction of a
coil is called the degree of coupling

Yo _VYi
K, ="2 K,=-12

oyt V¥
Here K,; — degree of coupling of the second coil with the first coil
(shows the flux-linkage of the second coil coupled with the first coil
relative to the flux-linkage of the first coil); Kj, — degree of coupling

of the first coil with the second coil (shows the flux-linkage of the first
coil coupled with the second coil relative to the flux-linkage of the
second coil).

The ratio of a magnetic-flux linkage to the current this linkage is

created by is called inductance L. There are self-induction inductances
(of the first and the second coils)

9.1)

n=Yu P g Vo Wil ©2)
; i g i
mutual induction inductances (of the first and the second coils)
My=Ye W%y 4 Vn Wy 9.3)
i

2 ) Ut h
and leakage inductances (of the first and the second coils)
Ly =&1‘= _W].CDH 5 Ly :__‘4{32 i W'g_fpsz :
b 4 b 5
Now the degrees of coupling from (9.1)—(9.3) are:
VY Myi M, _VY My, M,
Ky = =L =5 K= e .
Vi L L Vo L L

The geometric mean of the degrees of coupling K>, and K, are
called the coefficients of coupling
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M, M,,
=K. K, = [—=.
K 218892 LL
For linear circuits Ma, = My, = M. Therefore
K= 9.4)

\IL1L2 .
i ic i ion law, the voltage at the
ding to the electromagnetic 1nduct10n. Vs ‘
terﬁ;zcl’; cl)fgan inductance coil is a time derivative of its total flux
linkage: , ' g e vy
E :d‘iﬁg=d‘lfu id\yll =L]£lLiMlzi=/H“iUm; (95)
et =17 dt dt dt dt

. rpg WA
di,

le &, = dy, _dYx + Ay =L g5 M, — =ty . (9.6)
-‘.--fe""z == =

Ta da T oa e dt
di ;@b eifinduction voltage of the first
Here u, =L, E Uy, =L, se .
o . A induction
and second coils; %, =M127§; B =M21—a7 mutual in

f the first and second coils. ' .
VOIt]i;E;r(::ssions (9.5) and (9.6) can be represented in complex form:

Uy = JOL Ly iJ'-(")Mrl?-lr_ffz" 9.7
U, = joLyl,, * joMy I,

In expressions (9.5), (9.6), (9.7) the _double sign = mdu;ates Zl:llit ’;}:Z
flux, flux-linkage or the mutual ilx]:;i(uctlon ;floltiglg .Zf(;l :Ctgilox;le:(ﬂtage e
unidirectional with the flux, flux-linkage or the seli- .

is coil (+) or they are oppositely directed (). ﬂgnce, there are aiding
g:llci g;go(sii)lg conn};ctionspof inductancef coils. A%dmg csmcilect.mn frlii:;z
to connection of two coils at which their magnetic s:eif—m uction .
and the mutual induction fluxes coinci;le in direction. In an opposing

ion — are oppositely directed. _ . . .

conﬁt::cl:znweﬂ:i?s]tinguigg betwsg:en like a_nd unlike coil term1na}111§.hL;er
terminals refer to terminals of two c&_)ﬂs the currents in wi 1cﬂ are
unidirectional with respect to these termmals. apd create magnetl? ul e
of the same direction, that is the coils are aiding. In the case of un
terminals — the coils are opposing.
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On circuit diagrams like terminals are denoted by points. The points

B 4 : F L, =L+L +2M
on the windings W, and W, (Fig. 9.1) show that these are like terminals. e

whereas for the opposing connection it is less by 2M:
9.2. Series Connection of Magnetically Coupled Coils I =L +L—2M

i led
than the equivalent inductance of two coils that are not coup

Two coils with inductances L, and L, are connected in series
(Fig.9.2). Here r; and r, are active resistances of the coil.
|

agnetically:

My = Mp=M. il Lg:Ll?“L,—. ice designed for
| i F1 L rﬁ? Iz 72 This property is used in the varlomet?r — a device 'es-cff:nected
\ O—b——:—mlj_ smooth regulation of inductance. It consists of twoh§etr11 e tafsie
b N N coils one of which is nested within the other about whic
‘l u1 Uz

i 180 degrees, we can
ing les of the coils axes from zero t.o.
| ) Chazﬁlﬂn; viey ‘?llmleg inductance in the range from the aiding L, + Lo + 2Mto the
| |~ f)r;;osmg L+ L, —2M connection of the coils, i.e. up to 4M.

According to (9.10), vector diagrams can be constructed for the a?su:i
I -0 connections of coils (Fig. 9.3). Here Fig. 9.3_, a cor.respon
i and opposing : ! 1 the self-induction voltage
. Fig. 9.2 » the aiding connection. As it takes place, .
1. In accordance with Kirchhoff’s voltage low, we can write for this - [ summed with the mutual induction voltage joM I, of the
' connection: 4 m . .
. : he
; : ) ; : - ; " oL, I is summed with t
u=u+u, =?}f+L1%i Mu%?-+r2i2 +L2%1-M21%; (9.8) first coil, and the self-induction voltage joL,l, )
/ 5 o mutual induction voltage joM I, of the second coil. As a result,h the
u=(n+n)i+(L+L,£2M)—=ri+ L = (9.9) : d ¢, as well as the resultant phase
o ? . ° Cdt phase angles for both coils ¢; and ¢, lod coils are positive
where 7. = (ry + 1), Lo = (L + L, + 2M) — equivalent resistance and angles of two magnem?lt?: coci?sugnd the two coils together are
inductance of the two series-connected magnetically coupled coils. , (1>0,9:>0,9> 0). Bach of the 9.3, b corresponds to the opposing
In complex form we get from (9.8) and (9.9): generally of inductive nature. Fig. 9.3,
: . e - - R connection. ; , 4 i
Un “’ilm-’t‘]ml’llm] _J(.I)Mlzlmz_!_rzfmz +J(DI?I’"2 : Here the mutual induction voltage joM I, of tho: firsk <ol 18
tjoMy L, =W +n)l, + jo(L + L, +2M)] = (9.10) ; ; '8
" .1 i ; -Lz . deducted from the self-induction voltage joL, 7, of this eail, a4
=tly + jOLL, =, + jx)l, = Z,1, i . i 5 et et Foom
Here \ mutual induction voltage jwM I, of the second coil is deducte
. 8 . : ; ; for both
sl Z =h R the self-induction voltage joL, I, of this coil. However, as
In the above expressions, the plus sign corresponds to the aiding coils the following inequalities h91d: . L
connection of coils, the minus sign — to the opposing. We can see that joMI, < joLl,; joMl, <] ®LyLy
for the aiding connection the equivalent inductance of two magnetically ; 0. ©>0. That is, each coil
e . : the phase angles remain ¢;>0, >0, ¢>U. 1 o
Rl e Ty separgtely and%:he two coils together are generally of inductive nature.
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Fig. 9.3

The reactance of the second coil remains positive, the angle ¢, > 0,
and the second coil is of inductive nature.

Nevertheless, the resultant inductance of both coils is of inductive
nature,

The effect that one of the coils is of capacitive nature takes place
when the inductance L, of the second coil is significantly greater than
the inductance L, of the first coil, which is possible with W, > ;.
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. 9.3. Parallel Connection of Magnetically Coupled Coils

Two coils with inductances L; and L, are conneclged in paralllel
(Fig. 9.4). Here ry, ry are the resistance of these coils. Here also

= M B M - -
M21ha acé:zc)rdance with Kirchhoff’s voltage law, for this connection we

can write in complex form: _ . o .
rljmi + JmLI jml * ijZ = (?'1 F Jle )Iml = jmﬂﬂm.fl == ftl’
r2jmz +ij2jm2 iJ'.mjwj'ml = (?‘2 +ij2)Im2 i.]mmml = Um

j@pin =i =% T e
rlImi + .]le‘Im] i JmMm.Z 3 ) \? jm] ! jm2
=i+ ol 270Mwn =Usi (g4 o
r2jm2 +ij2[n!2 iJ(oﬂdirml = . ] B |:J .
=(r2+ij2)Im2iijm1=Um'Jl
Write the system (9.11) in U /A\d’\ "
matrix form:
Z, £ 2 | 1 |_ U,,,] . %
iZMZ2 j.mZ U,
where - |
Zy=r+joL, Z,=n+ joL,, - .
Z,=joM. Fig. 9.4
Hence
foals Foofn (9.12)
ml A’ m2 A
where . .
o el O R ;Az=[Z] e } (9.13)
227 | vz +7,,U,

Now from (9.12) and (9.13) we have

I _Um(zliZM)
" 5T

>
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— I-]m(‘zl iZMf)
m2 ZIZ?.—Z;!

2

U,(Z,+2,+27,)

=1, +I,= 222_22
1 M

For ry =r, =0 we get:

i = vf{,(ij1 + JOL, £2 joM) B
JOL joL, - (joM)’

= U, I, (9.14)
j(l) LILZ _M2 .]mLc
L+L,+2M
Here
2
;= LL-M"

e

coils.

In (9.14) the upper sign in the denominator (minus) corresponds to
the aiding connection and the lower sign (plus) — to the opposing

connection of the coils. From this we see that for the aiding connection
the equivalent inductance is

__LL-M
L+L,-2M

more, and for the opposing connection it is

_ LL-M
L+L+2M

less than the equivalent inductance of two parallel coils that are not
connected inductively (M= 0):

i =_LII_'2___
L+,
The variometer, referred to in 9.2, can also be built if magnetically
coupled coils are connected in parallel. Changing the angle between the

ed

eo
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L+Lt2M — equivalent inductance of two parallel-connected

axes of the coils from zero to 180 degrees, the inductance varies in the
range from Le, t0 Lo, that is up to the value

LL-M>  LL-M? AM(LL-M)
Lea=Leo = L+L,-2M L+L+2M (L +L2)2 —apm?
With L; = L, we get
aM(L - M)
A2 —4M*
that is, up to M. It follows from this that for buildilllg a variometer 1‘t is
more expedient to use a series connection of magnetically coupled coils.

In accordance with (9.11) let us construct vector diagrams for bo_th
aiding and opposing connections of magnetically coupled coils

Lea_Lo:

e

= ™

Re

Fig. 9.5
Here Fig. 9.5, a corresponds to the aiding connection. In this case the
self-induction voltage of the first coil jwI,/,, is summed geometrically
with the mutual induction voltage joMI,,of the coil, and the self-
induction voltage of the second coil jwL,i,, is summed geometrically
with the mutual induction voltage jwM]I,, of the coil, the result being

the voltage U, applied to the coils. The phase angles of the coils ¢ and

@2 as well as the resultant phase angle ¢ are positive (¢1>0, ¢2>0,

@>0). Each of the coils and the two coils together are generally of
inductive nature.




Fig. 9.5, b corresponds to the opposing connection. In this case, the

mutual induction voltage of the first coil jwL,/,, and that of the

second coil jwM I, are oppositely directed compared to Fig. 9.5, a,
and they are also summed geometrically with the self-induction voltage

of the first coil jwrL, I,.", and with that of the second coil jwZ, I,;Z

respectively. However, in contrast to the series connection of
magnetically coupled coils, a capacitive effect cannot be attained in one
of the coils if they are connected in parallel. Always Each coil
separately and the two coils together are generally of inductive nature
((Pl >0, G2 > 0, ¢ > 0)

9.4. Ideal and Real Transformers

A transformer is a device designed for transferring energy from one
part of an electric circuit to another based on the use of mutual
induction. The transformer consists of a primary coil (winding) whose
terminals are connected to a source of energy, and one or more
secondary coils (windings) whose terminals are connected to a loads The
network of a double-wound transformer is shown in Fig. 9.6. For the
loops I and II we can write in complex form:

{rljml + ijljml _ijl2jm2 —Um =0,

. . . . 9.14)
r21m2 + JmLZInﬂ —jwlelml + UmZ =0,

iy V. \ i
ae—— M

L8} ry

u' I Ly § g Ly )% Z

Fig. 9.6

Here, the mutual induction voltages of the first jwM,,7,,, and

second joM,, I, windings are taken with a minus sign, because the

144

winding are opposing (the currents 7; and i, differently oriented relative
to the same name terminals marked with dots). . .

Considering the transformer without a core, that is as a linear
element, we consider, as noted above, M, = M>; = M. Then

O1+ JOLy = jOMLyy =Upi ©.15)
"'jmmml +(?’2 + JI(DL?)IMZ =—U’"2'

From (9.15) it is obvious that the current I, through the secondary
winding is directly connected with the current I, through the primary
winding. Thus, if the current I, through the secondary winding
increases, while the voltage U, of the primary winding is constant, the

current /,,, through the primary winding also increases as seel? from the
first equation in (9.15). The physical explanation of this fact is that _the
magnetic flux of mutual induction @i, created by the current 7,
through the secondary winding, is oppqsing to the magnetic flux (_)f s.elf—
induction @, created by the current I,,; through the primary winding,
and, being deducted from @y, it reduces the total magnetic flux of tl?e
primary winding. It results in reducing the full ﬂl{x linkage v, a‘nd in
reducing the equivalent inductance from the side of the primary
winding. Therefore, its inductive reactance decreases, and at a constant
voltage U, the current I, increases.

Using (9.15) we can build an equivalent circuit of a trjansformf:r
without magnetic coupling of coils (Fig. 9.7). This network is used in
the analysis and calculation of transformers.

j Ly — M L, —M I

ml

Z

Fig. 9.7




Consider the no-load operation of a transformer: 7, = 0; Z,—> oo,
(Fig. 9.6, 9.7). We get from (9.15): -

U,

ml

r+joL

ml = mlo*

The current I, is called no-load current or magnetization current
(Fig. 9.7). Under a load this current decreases, and it tends to zero as the
inductance of the primary coil increases (L;—0).

From (9.15) we get for no-load operation:

S JOM (9.16)
Um[ 7"1 +j(.0L]

For transformer analysis, it is convenient to introduce the concept of
the ideal transformer, i.e. a transformer with no active losses
(r1 = r, = 0) and whose coefficient of coupling (9.4) is equal to unit:

M

=—===1 (8.17)
B,
Then, from (9.16)
U _L _ /L: _
UmZ M\ n. (9.18)

The value #» is called the transformation coefficient. As it follows
from (9.2) and (9.3):

£, =% ACTRL VY A Y
iI i[ | il
and @, = @y = 0, which follows from (9.17), then from (9.18)
4
n=—,
W,

Let a load impedance Z; is connected to the terminals of the
secondary winding of an ideal transformer (Fig. 9.6 and 9.7), that is

U s=1.7, (9.19)
Then, from (9.15) and (9.19) we get
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end of the vector joL, !

joL, — joM Iy =|:Um1:|
LwM-"UWLﬁZs) b,| [0 ]

_A U, (joL, +Z,)

Hence,

"TA T —jol, (joL, +Z,)+(joM)

A, —joMU,,

A —jol,(joL, +Z,)+(joM)"

m2

Consider the ratio:
joM
jol,+Z;

Tny
Iml

or with account of (9.17)

jml — JOJ'\/ZIQ .
Ly, JoL+Z,

m

Usually Z; <<joL,. Then, with account of (9.18), we obtain

Iml L2

Using (9.15) we can build a vector diagram of the transformer under

a load (Fig. 9.8). First, with-an inductive load Z; (92 > 0) we lay off the

vector of the load voltage U 2 , then the vectors of the voltage drop
across the resistance 7, (in-phase with the current 7,,,) and across the
inductance L, (at an angle of + 1/2 to the current /,,, ). Since the sum of

the voltages in the loop of the secondary winding is .equal to zero
according to (9.15), then, connecting the origin of coordinates with the

we obtain the vector of mutual induction

m2

voltage joM I, , which lags the current I, by an angle of /2. Hence,

ml s




Wwe construct the vector of the primary current 1,1, the vectors of the
voltage drop across the resistance 1 and the inductance Z,. The vector

of the mutual induction voltage joM I;] is built at an angle of "—/2"

to the vector of the secondary current I,. Connecting the the origin of

coordinates with the end of the vector JoM 1 .
the primary voltage U ;.

& Im

. jeoL I
jeMIm1 jelyl,

Re

&

Fig. 9.8

Consider the input resistance of the primary winding of the
transformer

i, :%.: ngﬂﬂ ZHZZ
. [m! i '
n
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m2 » We obtain the vector of

That is the ideal transformer changes the load .impedance -n-fold

ithout changing the argument of the impedance. This property is used

}:;r matching the load with the internal resistance of the power supply on
the primary side of the transformer.

Example 1 . .
Set up a system of equations of the electrical balance of the circuits
whose diagrams are shown in Fig. 9.9, a, b.

Fig. 9.9

Solution

Through the inductances I, and L, flows the san?e current
(Fig. 9.9, a). M — mutual inductance factor. So, the mutual mductar-lce
voltages across the inductances L, and L, are the same. The equation

has the form
_E+R I+ joL I~ joM I+ R, I+ joL, - joM I =0.

For Fig. 9.9, b the currents flowing through the inductances L, L,
and the voltages across the inductances L, and L,, with the mutual

inductance factor being M, are different. The system of equations has
the form

;ﬁ-—}z—h =0;

. . a . . ] -
—E+ joL, L+ joM I+ I3 R+ 1, .

~Is Ry + joL, 1+ joM I = 0.
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